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ABSTRACT
In this paper, we introduce the notion of a BiHom-Lie conformal algebra
and develop its cohomology theory. Also, we discuss some applications to
the study of deformations of regular BiHom-Lie conformal algebras. Finally,
we introduce derivations of multiplicative BiHom-Lie conformal algebras and
study their properties.
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INTRODUCTION
Lie conformal algebras were introduced by Kac in [9], he gave an axiomatic description
of the singular part of the operator product expansion of chiral fields in conformal field
theory. It is an useful tool to study vertex algebras and has many applications in the theory
of Lie algebras. Moreover. Lie conformal algebras have close connections to Hamiltonian
formalism in the theory of nonlinear evolution equations. Lie conformal algebras are
widely studied in the following aspects: The structure theory [5], representation theory
[3], [4] and cohomology theory [2] of finite Lie conformal algebras have been developed.
Moreover, Liberati in [10] introduced a conformal analog of Lie bialgebras including the
∗Corresponding author(Shengxiang Wang): wangsx-math@163.com
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conformal classical Yang-Baxter equation, the conformal Manin triples and conformal
Drinfelds double.
The notion of Hom-Lie algebras was firstly introduced by Hartwig, Larsson and Sil-
vestrov to describe the structure of certain q-deformations of the Witt and the Virasoro
algebras, see [1, 7, 8], which was motivated by applications to physics and to deformations
of Lie algebras, especially Lie algebras of vector fields.
Recently, the Hom-Lie conformal algebra was introduced and studied in [11], where it
was proved that a Hom-Lie conformal algebra is equivalent to a Hom-Gel’fand-Dorfman
bialgebra. Later, Zhao, Yuan and Chen developed the cohomology theory of Hom-Lie
conformal algebras and discuss some applications to the study of deformations of regular
Hom-Lie conformal algebras. Also, they introduced αk-derivations of multiplicative Hom-
Lie conformal algebras and study their properties in [12].
A BiHom-algebra is an algebra in such a way that the identities defining the structure
are twisted by two homomorphisms α, β. This class of algebras was introduced from a
categorical approach in [6] as an extension of the class of Hom-algebras. When the two
linear maps are same automorphisms, Bihom-algebras will be return to Hom-algebras.
These algebraic structures include BiHom-associative algebras, BiHom-Lie algebras and
BiHom-bialgebras.
Motivated by these results, the present paper is organized as follows. In Section 2,
we introduce the notion of a BiHom-Lie conformal algebra and develop the cohomology
theory of BiHom-Lie conformal algebras. In Section 3, we discuss some applications to the
study of deformations of regular BiHom-Lie conformal algebras. In Section 4, we study
derivations of multiplicative BiHom-Lie conformal algebras and prove that the direct sum
of the space of derivations is a BiHom-Lie conformal algebra. In particular, any derivation
gives rise to a derivation extension of a multiplicative BiHom-Lie conformal algebra. In
Section 5, we introduce generalized derivations of multiplicative BiHom-Lie conformal
algebras and study their properties.
1 Preliminaries
Throughout the paper, all algebraic systems are supposed to be over a field C. We
denote by Z the set of all integers and Z+ the set of all nonnegative integers.
In this section we recall some basic definitions and results related to our paper from
[6] and [11] .
1.1. Hom-Lie conformal algebra A Hom-Lie conformal algebra is a C[∂]-module R
equipped with a linear endomorphism α such that α∂ = ∂α, and a λ-bracket [·λ·] which
defines a C-bilinear map from R ⊗ R to R[λ] = C[λ] ⊗ R such that the following axioms
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hold:
[∂aλb] = −λ[aλb], [aλ∂b] = (∂ + λ)[aλb],
[aλb] = −[b−λ−∂a],
[α(a)λ[bµc]] = [[aλb]λ+µα(c)] + [α(b)µ[aλc]],
for a, b, c ∈ R.
1.2. BiHom-Lie algebra A BiHom-Lie algebra is a 4-tuple (L, [·, ·], α, β), where L is a
k-linear space, α, β : L→ L and [·, ·] : L⊗L→ L are linear maps, satisfying the following
conditions:
α ◦ β = β ◦ α,
α[a, a′] = [α(a), α(a′)], β[a, a′] = [β(a), β(a′)],
[β(a), α(a′)] = −[β(a′), α(a)],
[β2(a), [β(a′), α(a′′)]] + [β2(a′), [β(a′′), α(a)]] + [β2(a′′), [β(a), α(a′)]] = 0,
for all a, a′, a′′ ∈ A.
A BiHom-Lie algebra (L, [·, ·], α, β) is called multiplicative if α, β are algebra endomor-
phisms, i.e., α([a, b]) = [α(a), α(b)], β([a, b]) = [β(a), β(b)], for any a, b ∈ L. In particular,
if α, β are algebra isomorphisms, then (L, [·, ·], α, β) is called regular.
Obviously, a Hom-Lie algebra (L, [·, ·], α) is a particular case of a BiHom-Lie algebra,
namely (L, [·, ·], α, α). Conversely, a BiHom-Lie algebra (L, [·, ·], α, α) with bijective α is
the Hom-Lie algebra (L, [·, ·], α) .
2 Cohomology of BiHom-Lie conformal algebras
In this section, we introduce the notation of BiHom-Lie conformal algebras and develop
the cohomology theory of BiHom-Lie conformal algebras.
Definition 2.1. A BiHom-Lie conformal algebra is a C[∂]-module R equipped with two
commuting linear maps α, β such that α∂ = ∂α, β∂ = ∂β, α([aλb]) = [α(a)λα(b)], β([aλb]) =
[β(a)λβ(b)], and a λ-bracket [·λ·] which defines a C-bilinear map from R ⊗ R to R[λ] =
C[λ]⊗R such that the following axioms hold for a, b, c ∈ R:
[∂aλb] = −λ[aλb], [aλ∂b] = (∂ + λ)[aλb], (2. 1)
[β(a)λα(b)] = −[β(b)−λ−∂α(a)], (2. 2)
[αβ(a)λ[bµc]] = [[β(a)λb]λ+µβ(c)] + [β(b)µ[α(a)λc]]. (2. 3)
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A BiHom-Lie conformal algebra (R,α, β) is called multiplicative if α, β are algebra
endomorphisms, i.e., α([aλb]) = [α(a)λα(b)], β([aλb]) = [β(a)λβ(b)], for any a, b ∈ R. In
particular, if α, β are algebra isomorphisms, then (R,α, β) is called regular.
A BiHom-Lie conformal algebra R is called finite if R is a finitely generated C[∂]-
module. The rank of R is its rank as a C[∂]-module.
Example 2.2. Let R be a Lie conformal algebra and α, β : A→ A two commuting linear
maps such that
α∂ = ∂α, β∂ = ∂β, α([aλb]) = [α(a)λα(b)], β([aλb]) = [β(a)λβ(b)].
Define a C-bilinear map from R ⊗ R to R[λ] = C[λ] ⊗ R by [aλb]
′ = [α(a)λβ(b)]. Then
(R,α, β) is a BiHom-Lie conformal algebra.
Example 2.3. Let (L, [·, ·], α, β) be a regular BiHom-Lie algebra. Denote by Lˆ = L ⊗
C[t, t−1] the affization of L with
[u⊗ tm, v ⊗ tn] = [u, v] ⊗ tm+n,
for any u, v ∈ L,m, n ∈ Z. Extend α, β to Lˆ by α(u ⊗ tm) = α(u) ⊗ tm and β(u⊗ tm) =
β(u) ⊗ tm. Then (Lˆ, [·, ·], α, β) is a BiHom-Lie algebra. By simple verification, we get a
BiHom-Lie conformal algebra R = C[∂]L with
[uλv] = [u, v], α(f(∂)u) = f(∂)α(u), β(f(∂)u) = f(∂)β(u),
for any u, v ∈ L.
Definition 2.4. Amodule (M,αM , βM ) over over a BiHom-Lie conformal algebra (R,α, β)
is a C[∂]- module endowed with a C-linear map αM , bM and a C-bilinear map R ⊗M →
M [λ], a⊗ v 7→ aλv, such that for a, b ∈ R, v ∈M :
αM ◦ βM = βM ◦ αM ,
αM (a ·m) = α(a) · αM (m),
βM (a ·m) = β(a) · βM (m),
αβ(a)λ(bµv)− β(b)µ(α(a)λv) = [β(a)λb]λ+µβM (v),
(∂a)λv = −λ(aλv), aλ(∂v) = (∂ + λ)aλv,
βM ◦ ∂ = ∂ ◦ βM , αM ◦ ∂ = ∂ ◦ αM ,
αM (aλv) = α(a)λ(αM (v)), βM (aλv) = β(a)λ(βM (v)),
Example 2.5. Let (R,α, β) be a BiHom-Lie conformal algebra. Then (R,α, β) is an
R-module under the adjoint diagonal action, namely, aλb := [aλb], for any a, b ∈ R.
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Proposition 2.6. Let (R,α, β) be a regular BiHom-Lie conformal algebra and (M,αM , βM )
an R-module. Assume that α and βM are bijective. Define a λ-bracket [·λ·] on R⊕M by
[(a+ u)λ(b+ v)]M = [aλb] + aλv − α
−1β(b)−∂−λαMβ
−1
M (u),
for any a, b ∈ R and u, v ∈M. Define α+ αM , β + βM : R⊕M → R⊕M by
(α+ αM )(a+ u) = α(a) + αM (u), (β + βM )(a+ u) = β(a) + βM (u).
Then (R ⊕M,α+ αM , β + βM ) is a regular BiHom-Lie conformal algebra.
Proof. Note that R⊕M is equipped with a C[∂]-module structure via
∂(a+ u) = ∂(a) + ∂(u), ∀a ∈ R,u ∈M.
With this, it is easy to see that (α+αM )◦∂ = ∂ ◦(α+α+M), (β+βM )◦∂ = ∂ ◦(β+βM )
and (α+αM )([(a+u)λ(b+ v)]M ) = [((α+αM )(a+u))λ(α+αM )(b+ v)]M , (β+βM )([(a+
u)λ(b+ v)]M ) = [((β+βM )(a+u))λ(β+βM )(b+ v)]M , for any a, b ∈ R and u, v ∈M. For
(2.1), we have
[∂(a+ u)λ(b+ v)]M = [(∂a + ∂u)λ(b+ v)]M
= [∂aλb] + (∂a)λv − α
−1β(b)−∂−λ∂αMβ
−1
M (u)
= −λ[aλb]− λaλv − (∂ − λ− ∂)α
−1β(b)−∂−λαMβ
−1
M (u)
= −λ([aλb] + aλv − α
−1β(b)−∂−λαMβ
−1
M (u))
= −λ[(a+ u)λ(b+ v)]M ,
[(a+ u)λ∂(b+ v)]M = [(a+ u)λ(∂b+ ∂v)]M
= [aλ∂b] + aλ∂v − ∂α
−1β(b)−∂−λαMβ
−1
M (u)
= (∂ + λ)[[aλb]] + (∂ + λ)aλv − (∂ + λ)α
−1β(b)−∂−λαMβ
−1
M (u)
= (∂ + λ)([aλb] + aλv − α
−1β(b)−∂−λαMβ
−1
M (u))
= (∂ + λ)[(a+ u)λ(b+ v)]M .
as desired. For (2.2), we calculate
[(β(b) + βM (v))−∂−λ(α(a) + αM (u))]M
= [β(b)−∂−λα(a)] + β(b)−∂−λαM (u)− β(a)λαM (v)
= −[β(a)λα(b)] − β(a)λαM (v) + β(b)−∂−λαM (u)
= −[(β(a) + βM (u))λ(α(b) + αM (v))]M .
For (2.3), we have
[(α + αM )(β + βM )(a+ u)λ[(b+ v)µ(c+w)]M ]M
= [(αβ(a) + αMβM (u))λ[(b+ v)µ(c+ w)]M ]M
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= [(αβ(a) + αMβM (u))λ([bµc] + bµw − α
−1β(c)−∂−µαMβ
−1
M (v))]M
= [αβ(a)λ[bµc]] + αβ(a)λ(bµw)− αβ(a)λ(α
−1β(c)−∂−µαMβ
−1
M (v))
−α−1β([bµc])−∂−λα
2
M (u),
[(β + βM )(b+ v)µ[(α+ αM )(a+ u)λ(c+ w)]M ]M
= [β(b)µ[α(a)λc]] + β(b)µ(α(a)λw)− β(b)µ(α
−1β(c)−∂−µα
2
Mβ
−1
M (u))
−α−1β([α(a)λc])−∂−µαM (v),
[[(β + βM )(a+ u)λ(b+ v)]Mλ+µ(β + βM )(c+ w)]M
= [[β(a)λb]λ+µβ(c)] + [β(a)λb]λ+µβM (w)− α
−1β2(c)−∂−λ−µαMβ
−1
M (β(a)λv)
−α−1β2(c)−∂−λ−µαMβ
−1
M (α
−1β(b)−∂−λαM (u)).
Since (M,αM , βM ) is an R-module, we have
αβ(a)λ(bµv)− β(b)µ(α(a)λv) = [β(a)λb]λ+µβM (v),
This implies
[(α+ αM )(β + βM )(a+ u)λ[(b+ v)µ(c+ w)]M ]M
= [(β + βM )(b+ v)µ[(α + αM )(a+ u)λ(c+ w)]M ]M
+[[(β + βM )(a+ u)λ(b+ v)]Mλ+µ(β + βM )(c+ w)]M .
Therefore, (R ⊕M,α+ αM , β + βM ) is a regular BiHom-Lie conformal algebra. 
In the following we aim to develop the cohomology theory of regular BiHom-Lie con-
formal algebras. To do this, we need the following concept.
Definition 2.7. An n-cochain (n ∈ Z≥0) of a regular BiHom-Lie conformal algebra R
with coefficients in a module (M,αM , βM ) is a C-linear map
γ : Rn →M [λ1, ..., λn], (a1, ..., an) 7→ γλ1,...,λn(a1, ..., an),
whereM [λ1, ..., λn] denotes the space of polynomials with coefficients in M , satisfying the
following conditions:
(1) Conformal antilinearity:
γλ1,...,λn(a1, ..., ∂ai, ..., an) = −λiγλ1,...,λn(a1, ..., ai, ..., an).
(2) Skew-symmetry:
γ(a1, ..., β(ai+1), α(ai), ..., an) = −γ(a1, ..., β(ai), α(ai+1), ..., an).
(3) Commutativity:
γ ◦ α = αM ◦ γ, γ ◦ β = βM ◦ γ,
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Let R⊗0 = C as usual so that a 0-cochain is an element of M . Define a differential d
of a cochain γ by
(dγ)λ1,...,λn+1(a1, ..., an+1)
=
n+1∑
i=1
(−1)i+1αβn−1(ai)λiγλ1,...,λˆi,...,λn+1(a1, ..., aˆi, ..., an+1) +
∑
1≤i<j≤n+1
(−1)i+jγ
λi+λj ,λ1,...,λˆi,...λˆj ,...,λn+1
([α−1β(ai)λiaj], β(a1), ..., aˆi, ..., aˆj , ..., β(an+1)),
where γ is extended linearly over the polynomials in λi. In particular, if γ is a 0-cochain,
then (dγ)λa = aλγ.
Proposition 2.8. dγ is a cochain and d2 = 0.
Proof. Let γ be an n-cochain. It is easy to check that d satisfies conformal antilin-
earity, skew-symmetry and commutativity. That is, d is an (n+ 1)-cochain. Next we will
check that d2 = 0. In fact, we have
(d2γ)λ1,...,λn+2(a1, ..., an+2)
=
n+1∑
i=1
(−1)i+1αβn(ai)λi(dγ)λ1,...,λˆi,...,λn+2(a1, ..., aˆi, ..., an+2)
+
∑
1≤i<j≤n+1
(−1)i+j(dγ)
λi+λj ,λ1,...,λˆi,...λˆj,...,λn+2
([α−1β(ai)λiaj], β(a1), ..., aˆi, ..., aˆj , ..., β(an+2))
=
n+2∑
i=1
i−1∑
j=1
(−1)i+jαβn(ai)λi(αβ
n−1(aj)λjγλ1,...,λˆj,i,...,λn+2(a1, ..., aˆj,i, ..., an+2) (2. 4)
n+2∑
i=1
n+2∑
j=i+1
(−1)i+j+1αβn(ai)λi(αβ
n−1(aj)λjγλ1,...,λˆi,j,...,λn+2(a1, ..., aˆi,j , ..., an+2) (2. 5)
+
n+2∑
i=1
n+2∑
1≤j<k<i
(−1)i+j+k+1αβn(ai)λiγλj+λk,λ1,...,λˆj,k,i,...,λn+2
([α−1β(aj)λjak], β(a1), ..., aˆj,k,i, ..., β(an+2)) (2. 6)
+
n+2∑
i=1
n+2∑
1≤j<i<k
(−1)i+j+kαβn(ai)λiγλj+λk ,λ1,...,λˆj,i,k,...,λn+2
([α−1β(aj)λjak], β(a1), ..., aˆj,i,k, ..., β(an+2)) (2. 7)
+
n+2∑
i=1
n+2∑
1≤i<j<k
(−1)i+j+k+1αβn(ai)λiγλj+λk,λ1,...,λˆi,j,k,...,λn+2
([α−1β(aj)λjak], β(a1), ..., aˆi,j,k, ..., β(an+2)) (2. 8)
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+n+2∑
1≤i<j
i−1∑
k=1
(−1)i+j+kαβn(ak)λkγλi+λj ,λ1,...,λˆk,i,j,...,λn+2
([α−1β(ai)λiaj ], β(a1), ..., aˆk,i,j , ..., β(an+2)) (2. 9)
+
n+2∑
1≤i<j
j−1∑
k=i+1
(−1)i+j+k+1αβn(ak)λkγλi+λj ,λ1,...,λˆi,k,j,...,λn+2
([α−1β(ai)λjaj ], β(a1), ..., aˆi,k,j , ..., β(an+2)) (2. 10)
+
n+2∑
1≤i<j
n+2∑
k=j+1
(−1)i+j+kαβn(ak)λkγλi+λj ,λ1,...,λˆi,j,k,...,λn+2
([α−1β(ai)λiaj ], β(a1), ..., aˆi,j,k, ..., β(an+2)) (2. 11)
+
n+2∑
1≤i<j
(−1)i+jαβn−1([α−1β(ai)λiaj)λi+λjγλ1,...,λˆj,...λˆi,...,λn+2(β(a1), ..., aˆj , ..., aˆi, ..., β(an+2)(2. 12)
+
n+2∑
distincti,j,k,l,i<j,k<l
(−1)i+j+k+lsign{i, j, k, l}
γ
λk+λl,λi+λj ,λ1,...,λˆi,j,k,l,...,λn+2
(β[α−1β(ak)λkal], β[α
−1β(ai)λiaj ], ..., aˆi,j,k,l, ..., β
2(an+2)) (2. 13)
n+2∑
i,j,k=1,i<j,k 6=i,j
(−1)i+j+k+lsign{i, j, k}
γ
λi+λk+λj ,λ1,...,λˆi,j,k,...,λn+2
([[α−1β(ai)λiaj]λi+λj , β(αk)], β
2(a1), ..., aˆi,j,k, ..., β
2(an+2)), (2. 14)
where sign{i1, ..., ip} is the sign of the permutation putting the indices in increasing order
and aˆi,j, ai, aj , ... are omitted.
It is obvious that (2.6) and (2.11) summations cancel each other. The same is true for
(2.7) and (2.10), (2.8) and (2.9). The BiHom-Jacobi identity implies (2.14) = 0 and the
skew-symmetry implies (2.13)=0. Because (M,αM , βM ) is an R-module, it follows that
αβ(a)λ(bµv)− β(b)µ(α(a)λv) = [β(a)λb]λ+µβM (v).
Since γ ◦ α = αM ◦ γ, γ ◦ β = βM ◦ γ, we have (2.4), (2.5) and (2.12) summations cancel.
So d2γ = 0 and the proof is completed. 
Thus the cochains of a BiHom-Lie conformal algebra R with coefficients in a module
M form a complex, which is denoted by
C˜•α,β = C˜
•
α,β(R,M) =
⊕
n∈Z+
Cnα,β(R,M).
This complex is called the basic complex for the R-module (M,αM , βM ).
8
3 Deformations and Nijenhuis operators of BiHom-Lie
conformal algebras
In this section, we give the definition of a deformation and show that the deformation
generated by a 2-cocycle Nijenhuis operator is trivial.
Let R be a regular BiHom-Lie conformal algebra. Define aλb = [α
s(a)λb], for any
a, b ∈ R. Set γ ∈ C˜nα,β(R,Rs). Define an operator ds : C˜
n
α,β(R,Rs)→ C˜
n+1
α,β (R,Rs) by
(dsγ)λ1,...,λn+1(a1, ..., an+1)
=
n+1∑
i=1
(−1)i+1[αs+1βn−1(ai)λiγλ1,...,λˆi,...,λn+1(a1, ..., aˆi, ..., an+1)] +
∑
1≤i<j≤n+1
(−1)i+jγ
λi+λj ,λ1,...,λˆi,...λˆj ,...,λn+1
([α−1β(ai)λiaj], β(a1), ..., aˆi, ..., aˆj , ..., β(an+1)).
Obviously, the operator ds is induced from the differential d. Thus ds preserves the space
of cochains and satisfies d2s = 0. In the following the complex C˜
•
α,β(R,Rs) is assumed to
be associated with the differential ds.
Taking s = −1, let ψ ∈ C2(R,R)0 be a bilinear operator commuting with α and β, we
consider a t-parameterized family of bilinear operations on R,
[aλb]t = [aλb] + tψλ,−∂−λ(a, b), ∀a, b ∈ R. (3. 1)
If [·λ·] endows (R, [·λ·], α, β) with a BiHom-Lie conformal algebra structure, we say that
ψ generates a deformation of the BiHom-Lie conformal algebra R. It is easy to see that
[·λ·] satisfies (2.1). The skew-symmetry of [·λ·] means that
[β(a)λα(b)]t = [β(a)λα(b)] + tψλ,−∂−λ(β(a), α(b)),
[β(b)−∂−λα(a)]t = [β(b)−∂−λα(a)] + tψ−∂−λ,λ(β(b), α(a)).
Then [β(a)λα(b)]t = −[β(b)−∂−λα(a)]t if and only if
ψλ,−∂−λ(β(a), α(b)) = −ψ−∂−λ,λ(β(b), α(a)). (3. 2)
If it is true for (2.3), by expanding the BiHom-Jacobi identity for [·λ·], we have
[αβ(a)λ[bµc]] + t([αβ(a)λ(ψµ,−∂−µ(b, c)] + ψλ,−∂−λ(αβ(a), [bµc]))
+t2ψλ,−∂−λ(αβ(a), ψµ,−∂−µ(b, c))
= [β(b)µ[α(a)λc]] + t([β(b)µ(ψλ,−∂−λ(α(a), c))] + ψµ,−∂−µ(β(b), [α(a)λc]))
+t2ψµ,−∂−µ(β(b), ψλ,−∂−λ(α(a), c)) + [[β(a)λb]λ+µβ(c)]
+t([(ψλ,−∂−λ(β(a), b))λ+µβ(c)] + ψλ+µ,−∂−λ−µ([β(a)λb], β(c)))
+t2ψλ+µ,−∂−λ−µ(ψλ,−∂−λ(β(a), b), β(c)).
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This is equivalent to the following conditions
ψλ,−∂−λ(αβ(a), ψµ,−∂−µ(b, c))
= ψµ,−∂−µ(β(b), ψλ,−∂−λ(α(a), c)) + ψλ+µ,−∂−λ−µ(ψλ,−∂−λ(β(a), b), β(c)), (3. 3)
[αβ(a)λ(ψµ,−∂−µ(b, c)] + ψλ,−∂−λ(αβ(a), [bµc])
= [β(b)µ(ψλ,−∂−λ(α(a), c))] + ψµ,−∂−µ(β(b), [α(a)λc])
+[(ψλ,−∂−λ(β(a), b))λ+µβ(c)] + ψλ+µ,−∂−λ−µ([β(a)λb], β(c)). (3. 4)
Obviously, (3.3) and (3.4) mean that ψ define a BiHom-Lie conformal algebra structure
on R, as required. 
A deformation is said to be trivial if there is a linear operator f ∈ C˜1α,β(R,R−1) such
that
Tt([aλb]t) = [Tt(a)λTt(b)], (3. 5)
for any a, b ∈ R, where Tt = id+ tf .
Definition 3.1. A linear operator f ∈ C˜1α,β(R,R−1) is a Nijienhuis operator if
[f(a)λf(b)] = f([aλb]N ), (3. 6)
for any a, b ∈ R, where the bracket [·, ·]N is defined by
[aλb]N = [f(a)λb] + [aλf(b)]− f([aλb]). (3. 7)
Theorem 3.2. Let (R,α, β) be a regular BiHom-Lie conformal algebra and f ∈ C˜1α,β(R,R−1)
a Nijienhuis operator. Then a deformation of (R,α, β)) can be obtained by putting
ψλ,−∂−λ(a, b) = [aλb]N , (3. 8)
for any a, b ∈ R. Furthermore, this deformation is trivial.
Proof. To show that ψ generates a deformation, we need to verify (3.2), (3.3) and
(3.4). We first prove that ψ(β(a), α(b)) = −ψ(β(b), α(a)). In fact, we have
ψ(β(a), α(b)) = [aλb]N
= [f(β(a))λα(b)] + [β(a)λf(α(b))] − f [(β(a)λα(b)]
= −([f(β(b))λα(a)] + [β(b)λf(α(a))] − f [(β(b)λα(a)])
= −[β(b), α(a)]N
= −ψ(β(b), α(a)),
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as desired. By (3.5),(3.6) and (3.7), we have
ψλ,−∂−λ(αβ(a), ψµ,−∂−µ(b, c)) + ψµ,−∂−µ(β(b), ψ−∂−λ,λ(α
−1β(c), α2β−1(a)))
+ψ−∂−λ−µ,λ+µ(α
−1β2(c), ψλ,−∂−λ(α(a), αβ
−1(b)))
= [f(αβ(a))λ[f(b)µc]] + [f(αβ(a))λ[bµf(c)]]− [f(αβ(a))λf([bµc])]
+[αβ(a)λ[f(b)µf(c)]]− f([αβ(a)λ[f(b)µc]])− f([αβ(a)λ[bµf(c)]])
+f([αβ(a)λf([bµc])]) + [f(β(b))µ[f(α
−1β(c))−∂−λα
2β−1(a)]]
+[f(β(b))µ[α
−1β(c)−∂−λf(α
2β−1(a))]] − [f(β(b))µf([α
−1β(c)−∂−λα
2β−1(a)])]
+[β(b)µ[f(α
−1β(c))−∂−λf(α
2β−1(a))]] − f([β(b)µ[f(α
−1β(c))−∂−λα
2β−1(a)]])
−f([β(b)µ[α
−1β(c)−∂−λf(α
2β−1(a))]]) + [f(β(b))µf([α
−1β(c)−∂−λα
2β−1(a)])])
+[f(α−1β2(c))−∂−λ−µ[f(α(a))λαβ
−1(b)]] + [f(α−1β2(c))−∂−λ−µ[α(a)λf(αβ
−1(b))]]
−[f(α−1β2(c))−∂−λ−µf([α(a)λαβ
−1(b)])] + [α−1β2(c)−∂−λ−µ[f(α(a))λf(αβ
−1(b))]]
−f([α−1β2(c)−∂−λ−µ[f(α(a))λαβ
−1(b)]]) − f([α−1β2(c)−∂−λ−µ[α(a)λf(αβ
−1(b))]])
+f([α−1β2(c)−∂−λ−µf([α(a)λαβ
−1(b)])]).
Since f is a Nijenhuis operator, it follows that
−[f(αβ(a))λf([bµc])] + f([αβ(a)λf([bµc])])
= −f([f(αβ(a))λ[bµc]]) + f
2([αβ(a)λ[bµc]]),
−[f(β(b))µf([α
−1β(c)−∂−λα
2β−1(a)])] + f([β(b)µf([α
−1β(c)−∂−λα
2β−1(a)])])
= −f([f(β(b))µ[α
−1β(c)−∂−λα
2β−1(a)]]) + f2([β(b)µ[α
−1β(c)−∂−λα
2β−1(a)]]),
−[f(α−1β2(c))−∂−λ−µf([α(a)λαβ
−1(b)])] + f([α−1β2(c)−∂−λ−µf([α(a)λαβ
−1(b)])])
= −f [f(α−1β2(c))−∂−λ−µ[α(a)λαβ
−1(b)]] + f2([α−1β2(c)−∂−λ−µ[α(a)λαβ
−1(b)]]).
Note that
[αβ(a)λ[bµc]] + [α
−1β2(c)−∂−λ−µ[α(a)λαβ
−1(b)]] + [β(b)µ[α
−1β(c)−∂−λα
2β−1(a)]] = 0.
Thus
ψλ,−∂−λ(αβ(a), ψµ,−∂−µ(b, c)) + ψµ,−∂−µ(β(b), ψ−∂−λ,λ(α
−1β(c), α2β−1(a)))
+ψ−∂−λ−µ,λ+µ(α
−1β2(c), ψλ,−∂−λ(α(a), αβ
−1(b))) = 0.
In the similar way, we can check that (3.4). This proves that ψ generates a deformation
of the regular BiHom-Lie conformal algebra (R,α, β).
Let Tt = id+ tf . By (3.8), we have
Tt([aλb]t) = (id+ tf)([aλb] + tψλ,−∂−λ(a, b))
= (id+ tf)([aλb] + t[aλb]N )
= [aλb] + t([aλb]N + f([aλb])) + t
2f([aλb]N ). (3. 9)
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On the other hand, we have
[Tt(a)λTt(b)] = [(a+ tf(a))λ(b+ tf(b))]
= [aλb] + t([f(a)λb] + [aλf(b)]) + t
2[f(a)λf(b)]. (3. 10)
Combining (3.9) with (3.10), it follows that Tt([aλb]t) = [Tt(a)λTt(b)]. Therefore the
deformation is trivial. 
4 Derivations of multiplicative BiHom-Lie conformal alge-
bras
For convenience, we denote by A the ring C[∂] of polynomials in the indeterminate ∂.
Definition 4.1.[9] A conformal linear map between A-modules V and W is a linear map
φ : V → A[λ]⊗AW such that
φ(∂v) = (∂ + λ)(φv). (4. 1)
We will often abuse the notation by writing φ : V → W , it is clear from the context
that φ is a conformal linear map. We will also write φλ instead of φ to emphasize the
dependence of φ on λ.
The set of all conformal linear maps from V to W is denoted by Chom(V,W ) and it
is made into an A-module via
(∂φ)λv = −λ (4. 2)
We will write Cend(V ) for Chom(V, V ).
Definition 4.2. Let (R,α, β) be a multiplicative BiHom-Lie conformal algebra. Then a
conformal linear map Dλ : R→ R is called an α
kβl-derivation of (R,α, β) if
Dλ ◦ α = α ◦Dλ, Dλ ◦ β = β ◦Dλ,
Dλ([aµb]) = [Dλ(a)λ+µα
kβl(b)] + [αkβl(a)µDλ(b)]. (4. 3)
Denote by Derαs,βl the set of α
sβl-derivations of the multiplicative BiHom-Lie conformal
algebra (R,α, β). For any a ∈ R satisfying α(a) = a, β(a) = a, define Dk,l : R→ R by
Dk,l(a)λ(b) = [aλα
k+1βl−1(b)], ∀b ∈ R.
Then Dk,l(a) is an α
k+1βl-derivation, which is called an inner αk+1βl-derivation. In fact,
Dk,l(a)λ(∂b) = [aλα
k+1βl−1(∂b)] = [aλ∂α
k+1βl−1(b)] = (∂ + λ)Dk,l(a)λ(b),
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Dk,l(a)λ(α(b)) = [aλα
k+2βl−1(b)] = α[aλα
k+1βl−1(b)] = α ◦Dk,l(a)λ(b),
Dk,l(a)λ(β(b)) = [aλα
k+1βl(b)] = β[aλα
k+1βl−1(b)] = β ◦Dk,l(a)λ(b),
Dk,l(a)λ([bµc]) = [aλα
k+1βl−1([bµc]) = [αβ(a)λ[α
k+1βl−1(b)µα
k+1βl−1(c)]
= [β(a)λα
k+1βl−1(b)]λ+µα
k+1βl(c)] + [αk+1βl(b)µ[α(a)λα
k+1βl−1(c)]]
= [aλα
k+1βl−1(b)]λ+µα
k+1βl(c)] + [αk+1βl(b)µ[aλα
k+1βl−1(c)]]
= [Dk,l(a)λ(b)λ+µα
k+1βl(c)] + [αk+1βl(b)µ(Dk,l(a)λ(c))].
Denote by Innαkβl(R) the set of inner α
kβl-derivations. For any Dλ ∈ Derαkβl(R) and
D′µ−λ ∈ Derαsβt(R), define their commutator [DλD
′]µ by
[DλD
′]µ(a) = Dλ(D
′
µ−λa)−D
′
µ−λ(Dλa), ∀a ∈ R. (4. 4)
Lemma 4.3. For any Dλ ∈ Derαkβl(R) and D
′
µ−λ ∈ Derαsβt(R), we have
[DλD
′] ∈ Derαk+sβl+t(R)[λ].
Proof. For any a, b ∈ R, we have
[DλD
′]µ(∂a)
= Dλ(D
′
µ−λ∂a)−D
′
µ−λ(Dλ∂a)
= Dλ((∂ + µ− λ)D
′
µ−λa) +D
′
µ−λ((µ+ λ)Dλa)
= (∂ + µ)Dλ(D
′
µ−λa)− (∂ + µ)D
′
µ−λ(Dλa)
= (∂ + µ)[DλD
′]µ(a).
Similarly ,we have
[DλD
′]µ([aγb])
= Dλ(D
′
µ−λ[aγb])−D
′
µ−λ(Dλ[aγb])
= Dλ([D
′
µ−λ(a)µ−λ+γα
sβt(b)] + [αsβt(a)γD
′
µ−λ(b)])
−D′µ−λ([Dλ(a)λ+γα
kβl(b)] + [αkβl(a)γDλ(b)])
= [Dλ(D
′
µ−λ(a))µ+γα
k+sβl+t(b)] + [αkβl(D′µ−λ(a))µ−λ+γDλ(α
sβt(b)))
+[Dλ(α
sβt(a))λ+γα
kβl(D′µ−λ(b))] + [α
k+sβl+t(a)γ(Dλ(D
′
µ−λ(b)))]
−[(D′µ−λDλ(a))µ+γα
k+sβl+t(b)] − [αsβt(Dλ(s))λ+γ(D
′
µ−λ(α
kβl(b)))]
−[(D′µ−λ(α
kβl(a)))µ−λ+γα
sβt(Dλ(b))]− [α
k+sβl+t(a)λ(D
′
µ−λ(Dλ(b)))]
= [([DλD
′]µa)µ+γα
k+sβl+t(b)] + [αk+sβl+t(a)γ([DλD
′]µb)].
Therefore, [DλD
′] ∈ Derαk+sβl+t(R)[λ]. 
Define
Der(R) =
⊕
k≥0,l≥0
Derαkβl(R). (4. 5)
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Proposition 4.4. With notations above, (Der(R), α′, β′) is a BiHom-Lie conformal alge-
bra with respect to (4.4), where α′(D) = D ◦ α, β′(D) = D ◦ β.
Proof. By (4.2), Der(R) is a C[∂]-module. By (4.1), (4.2) and (4.4), it is easy to
check that (2.1) and (2.2) are satisfied. To check the BiHom-Jacobi identity, we compute
[α′β′(D)λ[D
′
µD
′′]]θ(a)
= (D ◦ αβ)λ([D
′
µD
′′]θ−λa)− [D
′
µD
′′]θ−λ((D ◦ αβ)λa)
= Dλ([D
′
µD
′′]θ−λαβ(a)) − [D
′
µD
′′]θ−λ(Dλαβ(a))
= Dλ(D
′
µ(D
′′
θ−λ−µαβ(a))) −Dλ(D
′′
θ−λ−µ(D
′
µαβ(a)))
−D′µ(D
′′
θ−λ−µ(Dλαβ(a))) +D
′′
θ−λ−µ(D
′
µ(Dλαβ(a))),
[β′(D′)µ[α
′(D)λD
′′]]θ(a)
= D′µ(Dλ(D
′′
θ−λ−µαβ(a))) −D
′
µ(D
′′
θ−λ−µ(Dλ(αβ(a))))
−Dλ(D
′′
θ−λ−µ(D
′
µαβ(a))) +D
′′
θ−λ−µ(Dλ(D
′
µαβ(a))),
[[β′(D)λD
′]λ+µβ
′(D′′)]θ(a)
= Dλ(D
′
µ(D
′′
θ−λ−µαβ(a))) −D
′
µ(Dλ(D
′′
θ−λ−µαβ(a)))
−D′′θ−λ−µ(Dλ(D
′
µαβ(a))) +D
′′
θ−λ−µ(D
′
µ(Dλαβ(a))).
Thus, [α′β′(D)λ[D
′
µD
′′]]θ(a) = [β
′(D′)µ[α
′(D)λD
′′]]θ(a)+[[β
′(D)λD
′]λ+µβ
′(D′′)]θ(a). This
proves that (Der(R), α′, β′) is a BiHom-Lie conformal algebra. 
At the end of this section, we give an application of the α0β1-derivations of a regular
BiHom-Lie conformal algebra (R,α, β).
For any Dλ ∈ Cend(R), define a bilinear operation [·λ·]D on the vector space R⊕RD:
[(a+mD)λ(b+ nD)]D = [aλb] +mDλ(b)− nD−λ−∂(αβ
−1(a)),∀a, b ∈ R,m,n ∈ R,
and a linear map α′, β′ : R ⊕ RD → R ⊕ RD by α′(a +D) = α(a) +D and β′(a+D) =
β(a) +D.
Proposition 4.5. (R ⊕RD,α′, β′) is a regular BiHom-Lie conformal algebra if and only
if Dλ is an α
0β1-derivation of (R,α, β).
Proof. Suppose that (R ⊕ RD,α′, β′) is a regular BiHom-Lie conformal algebra. For
any a, b ∈ R, m,n ∈ R, we have
α′ ◦ β′(a+mD) = α′(β(a) +mD) = α ◦ β(a) +mD,
β′ ◦ α′(a+mD) = β′(α(a) +mD) = β ◦ α(a) +mD.
Hence, we have
α ◦ β = β ◦ α⇔ α′ ◦ β′ = β′ ◦ α′.
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On the other hand,
α′[(a+mD)λ(b+ nD)]D
= α′([aλb] +mDλ(b)− nD−λ−∂(αβ
−1(a)))
= α[aλb] +mα(Dλ(b))− nα(D−λ−∂(αβ
−1(a))),
[α′(a+mD)λα
′(b+ nD)]
= [α(a) +mDλα(b) + nD]
= [α(a)λα(b)] +mDλα(b)− αβ
−1 ◦ nD−λ−∂α(a).
It follows that α◦Dλ = Dλ◦α. Similarly, we have β◦Dλ = Dλ◦β. Next, the BiHom-Jacobi
identity implies
[α′β′(D)λ[aµb]D]D = [β
′(a)λ[α
′(D)µb]D]D + [[β
′(D)µa]Dλ+µβ
′(b)]D,
which is exactly Dµ([aλb]) = [(Dµa)λ+µα
0β1(b)] + [α0β1(a)λ(Dµb)] by (4.6). Therefore,
Dλ is an α
0β1-derivation of (R,α, β).
Conversely, let Dλ is an α
0β1-derivation of (R,α, β). For any a, b ∈ R, m,n ∈ R, we
have
[β′(b+ nD)−∂−λα
′(a+mD)]D
= [(β(b) + nD)−∂−λα(a) +mD]D
= [β(b)−∂−λα(a)] + nD−∂−λ(α(a)) −mDλ(α(b))
= −[β(a)λα(b)] + nD−∂−λ(α(a)) −mDλ(α(b))
= −([β(a)λα(b)] − nD−∂−λ(α(a)) +mDλ(α(b)))
= −[(β(a) +mD)λ(α(b) + nD)]D.
So (2.2) holds. For (2.1), we have
[∂Dλa]D = −λ[Dλa]D,
[∂aλD]D = −D−∂−λ(∂a) = −λ[aλD]D,
[Dλ∂a]D = Dλ(∂a) = (∂ + λ)Dλ(a) = (∂ + λ)[Dλa]D,
[aλ∂D]D = −(∂D)−λ−∂a = (∂ + λ)[aλD]D,
α′ ◦ ∂ = ∂ ◦ α′, β′ ◦ ∂ = ∂ ◦ β′,
as desired. The BiHom-Jacobi identity is easy to check. 
5 Generalized derivations of multiplicative BiHom-Lie con-
formal algebras
Let (R,α, β) be a multiplicative BiHom-Lie conformal algebra. Define
Ω = {Dλ ∈ Cend(R)|Dλ ◦ α = α ◦Dλ,Dλ ◦ β = β ◦Dλ}.
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Then Ω is a BiHom-Lie conformal algebra with respect to (4.4) and Der(R) is a subalgebra
of Ω.
Definition 5.1. An element Dµ in Ω is called
(a) a generalized αkβl-derivation of R, if there exist D′µ,D
′′
µ ∈ Ω such that
[(Dµ(a))λ+µα
kβl(b)] + [αkβl(a)λ(D
′
µ(b))] = D
′′
µ([aλb]), ∀a, b ∈ R. (5. 1)
(b) an αkβl-quasiderivation of R, if there is D′µ ∈ Ω such that
[(Dµ(a))λ+µα
kβl(b)] + [αkβl(a)λ(Dµ(b))] = D
′
µ([aλb]), ∀a, b ∈ R. (5. 2)
(c) an αkβl-centroid of R, if it satisfies
[(Dµ(a))λ+µα
kβl(b)] = [αkβl(a)λ(Dµ(b))] = Dµ([aλb]), ∀a, b ∈ R. (5. 3)
(d) an αkβl-quasicentroid of R, if it satisfies
[(Dµ(a))λ+µα
kβl(b)] = [αkβl(a)λ(Dµ(b))], ∀a, b ∈ R. (5. 4)
(e) an αkβl-central derivation of R, if it satisfies
[(Dµ(a))λ+µα
kβl(b)] = Dµ([aλb]) = 0, ∀a, b ∈ R. (5. 5)
Denote byGDerαkβl(R), QDerαkβl(R), Cαkβl(R), QCαkβl(R) and ZDerαkβl(R) the sets
of all generalized αkβl-derivations, αkβl-quasiderivations, αkβl-centroids, αkβl-quasicentroids
and αkβl-central derivations of R, respectively. Set
GDer(R) :=
⊕
k≥0,l≥0
GDerαkβl(R), QDer(R) :=
⊕
k≥0,l≥0
QDerαkβl(R).
C(R) :=
⊕
k≥0,l≥0
Cαkβl(R), QCαkβl(R) :=
⊕
k≥0,l≥0
QCαkβl(R),
ZDer(R) :=
⊕
k≥0,l≥0
ZDerαkβl(R).
It is easy to see that
ZDer(R) ⊆ Der(R) ⊆ QDer(R) ⊆ GDer(R) ⊆ Cend(R), C(R) ⊆ QC(R) ⊆ GDer(R). (5. 6)
Proposition 5.2. Let (R,α, β) be a multiplicative BiHom-Lie conformal algebra. Then
(1) GDer(R), QDer(R) and C(R) are subalgebras of Ω,
(2) ZDer(R) is an ideal of Der(R).
Proof. (1)We only prove that GDer(R) is a subalgebra of Ω. The proof for the other
two cases is similar.
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For any Dµ ∈ GDerαkβl(R),Hµ ∈ GDerαsβt(R), a, b ∈ R, there exist D
′
µ,D
′′
µ ∈
Ω, (resp.H ′µ,H
′′
µ ∈ Ω) such that (5.1) holds for Dµ(resp.Hµ). Recall that α
′(Dµ) = Dµ ◦α
and β′(Dµ) = Dµ ◦ β, we have
[(α′(Dµ)(a))λ+µα
k+1βl(b)]
= [(Dµ(α(a)))λ+µα
k+1βl(b)] = α([(Dµ(a))λ+µα
kβl(b)])
= α(D′′µ([aλb])− [α
k(a)λD
′
µ(b)])
= α′(D′′µ)([aλb])− [α
k+1βl(a)λ(α
′(D′µ)(b))].
So α′(Dµ) ∈ GDerαk+1βl(R). Similarly, β
′(Dµ) ∈ GDerαkβl+1(R). Furthermore, we need
to show
[D′′µH
′′]θ([aλb]) = [([DµH]θ(a))λ+θα
k+sβl+t(b)] + [αk+sβl+t(a)λ([D
′
µH
′]θ(b))]. (5. 7)
By (5.4), we have
[([DµH]θ(a))λ+θ(b)] = [(Dµ(Hθ−µ(a)))λ+θα
k+sβl+t(b)]− [(Hθ−µ(Dµ(a))))λ+θα
k+sβl+t(b)] .(5. 8)
By (5.1), we obtain
[(Dµ(Hθ−µ(a)))λ+θα
k+sβl+t(b)]
= D′′µ([(Hθ−µ(a))λ+θ−µα
sβt(b)])−D′′µ([α
kβl(a)λ(H
′
θ−µ(b)))]
= D′′µ(H
′′
θ−µ([aλb])) −D
′′
µ([α
sβt(a)λ(H
′
θ−µ(b)))] (5. 9)
−H ′′θ−µ([α
k(a)λ(D
′
µ(b))]) + [α
k+sβl+t(a)λ(H
′
θ−µ(D
′
µ(b)))],
[(Hθ−µ(Dµ(a)))λ+θα
k+sβl+t(b)]
= H ′′θ−µ([(Dµ(a))λ+µα
kβl(b)]) − [αsβt(Dµ(a))λ+µ(H
′
θ−µ(α
kβl(b)))]
= H ′′θ−µ(D
′′
µ([aλb])) − (H
′′
θ−µ([α
kβl(a)λ(D
′
µ(b)])
−D′′µ([α
sβt(a)λ(H
′
θ−µ(b))]) + [α
k+sβl+t(a)λ(D
′
µ(H
′
θ−µ(b))). (5. 10)
Substituting (5.9) and (5.10) into (5.8) gives (5.7). Hence [DµH) ∈ GDerαk+sβl+t(R)[µ],
and GDer(R) is a BiHom sub-algebra of Ω.
(2) For D1µ ∈ ZDerαkβl(R),D2µ ∈ Derαsβt(R) and a, b ∈ R, we have
[(α′(D1)µ(a)λ+µα
k+1βl(b)] = α([(D1µ(a))λ+µα
kβl(b)]) = α′(D1)µ([aλb]) = 0,
which proves α′(D1) ∈ ZDerαk+1βl(R). Simialrly, β
′(D1) ∈ ZDerαkβl+1(R). By (5.5),
[D1µD2]θ([aλb])
= D1µ(D2θ−µ([aλb]))−D2θ−µ(D1µ([aλb]))
= D1µ(D2θ−µ([aλb]))
= D1µ([(D2θ−µ(a))λ+θ−µα
sβt(b)] + [αsβt(a)λD2θ−µ(b)]) = 0,
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[D1µD2]θ(a)λ+θα
k+sβl+t(b)]
= [D1µ(D2θ−µ(a))−D2θ−µ(D1µ(a)))λ+θα
k+sβl+t(b)]
= [−(D2θ−µ(D1µ(a)))λ+θα
(k+s)(b)]
= −(D2θ−µ([D1µ(a)λ+µα
kβl(b)]) + αsβt(D1µ(a))λ+µD2θ−µ(α
kβl(b))]
= 0.
This shows that [D1µD2] ∈ ZDerαk+sβl+t(R)[µ]. Thus ZDer(R) is an ideal of Der(R). 
Lemma 5.3. Let (R,α, β) be a multiplicative BiHom-Lie conformal algebra. Then
(1) [Der(R)λC(R)] ⊆ C(R)[λ],
(2) [QDer(R)λQC(R)] ⊆ QC(R)[λ],
(3) [QC(R)λQC(R)] ⊆ QDer(R)[λ].
Proof. Straightforward. 
Theorem 5.4. Let (R,α, β) be a multiplicative BiHom-Lie conformal algebra. Then
GDer(R) = QDer(R) +QC(R).
Proof. For any Dµ ∈ GDerαk (R), there exist D
′
µ,D
′′
µ ∈ Ω such that
[(Dµ(a)λ+µα
kβl(b)] + [αkβl(a)λD
′
µ(b)] = D
′′
µ([aλb]),∀a, b ∈ R. (5. 11)
By (2.2) and (5.11), we get
[αkβl(b)−∂−λ−µDµ(a)] + [D
′
µ(b)−∂−λα
kβl(a)] = D′′µ([b−∂−λa]). (5. 12)
By (2.1) and setting λ′ = −∂ − λ− µ in (5.12), we obtain
[αkβl(b)λ′Dµ(a)] + [D
′
µ(b)µ+λ′α
kβl(a)] = D′′µ([bλ′a]). (5. 13)
Change the place of a, b and replace λ′ by λ in (5.13), we have
[αkβl(a)λDµ(b)] + [D
′
µ(a)λ+µα
kβl(b)] = D′′µ([aλb]). (5. 14)
By (5.11) and (5.14), we have
[
Dµ +D
′
µ
2
(a)λ+µα
kβl(b)] + [αkβl(a)λ
Dµ +D
′
µ
2
(b)] = D′′µ([aλb]),
[
Dµ −D
′
µ
2
(a)λ+µα
kβl(b)]− [αkβl(a)λ
Dµ +D
′
µ
2
(b)] = 0.
It follows that
Dµ+D′µ
2 ∈ QDerαkβl(R) and
Dµ−D′µ
2 ∈ QCαkβl(R). Thus
Dµ =
Dµ +D
′
µ
2
+
Dµ −D
′
µ
2
∈ QDerαkβl(R) +QCαkβl(R).
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Therefore, GDer(R) ⊆ QDer(R) + QC(R). The reverse inclusion relation follows from
(5.6) and Lemma 5.3. 
Theorem 5.5. Let (R,α, β) be a multiplicative BiHom-Lie conformal algebra, α, β sur-
jections and Z(R) the center of R. Then [C(R)λQC(R)] ⊆ Chom(R,Z(R))[λ]. Moreover,
if Z(R) = 0, then [C(R)λQC(R)] = 0.
Proof. Since α, β are surjections, for any b′ ∈ R, there exists b ∈ R such that
b′ = αk+sβl+t(b). For any D1µ ∈ Cαkβl(R),D2µ ∈ QCαsβt(R), a ∈ R, by (5.3) and (5.4),
we have
[([D1µD2]θ(a))λ+θb
′]
= [([D1µD2]θ(a))λ+θα
k+sβl+t(b)]
= [(D1µ(D2θ−µ(a)))λ+θα
k+sβl+t(b)] − [(D2θ−µ(D1µ(a)))λ+θα
k+sβl+t(b)]
= D1µ([D2θ−µ(a)λ+θ−µα
sβt(b)])− [αsβt(b)(D1µ(a))λ+µD2θ−µ(α
kβl(b))]
= D1µ([D2θ−µ(a)λ+θ−µα
sβt(b)])−D1µ([α
sβt(a)λD2θ−µ(b)]
= D1µ([D2θ−µ(a)λ+θ−µα
sβt(b)])− ([αsβt(a)λD2θ−µ(b)]
= 0.
Hence [D1µD2](a) ∈ Z(R)[µ] and [D1µD2] ∈ Chom(R,Z(R))[µ]. If Z(R) = 0, then
[D1µD2](a) = 0. Thus [C(R)λQC(R)] = 0. 
Proposition 5.6. Let (R,α, β) be a multiplicative BiHom-Lie conformal algebra and α, β
surjections. If Z(R) = 0, then QC(R) is a BiHom-Lie conformal algebra if and only if
[QC(R)λQC(R)] = 0.
Proof. ⇒ Assume that QC(R) is a BiHom-Lie conformal algebra. Since α, β are
surjections, for any b′ ∈ R, there exists b ∈ R such that b′ = αk+sβl+t(b). For any
D1µ ∈ QCαkβl(R),D2µ ∈ QCαsβt(R), a ∈ R, by (5.4), we have
[([D1µD2]θ(a))λ+θb
′]
= [([D1µD2]θ(a))λ+θα
k+sβl+t(b)] + [αk+sβl+t(a)λ([D1µD2]θ(b))]. (5. 15)
By (4.4) and (5.4), we obtain
[([D1µD2]θ(a))λ+θα
k+sβl+t(b)]
= [(D1µ(D2θ−µ(a)))λ+θα
k+sβl+t(b)]− [(D2θ−µ(D1µ(a)))λ+θα
k+sβl+t(b)]
= [αkβl(D2θ−µ(a))λ+θ−µ(D1µ(α
sβt(b)))] − [αsβt(D1µ(a))λ+µ(D2θ−µ(α
kβl(b)))]
= [αk+sβl+t(a)λ(D2θ−µ(D1µ(b)))] − [α
sβt(a)λ+µ((D1µ(D2θ−µ(b)))]
= −[αk+sβl+t(a)λ([D1µD2]θ(b))].
By (5.15), we have
[([D1µD2]θ(a))λ+θb
′] = [([D1µD2]θ(a))λ+θα
k+sβl+t(b)] = 0.
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Thus [D1µD2]θ(a) ∈ Z(R)[µ] = 0 since Z(R) = 0. Therefore, [QC(R)λQC(R)] = 0.
⇐ Straightforward. 
ACKNOWLEDGEMENT
The work of S. J. Guo is supported by the NSF of China (No. 11761017) and the Fund
of Science and Technology Department of Guizhou Province (No. [2019]1021).
The work of X. H. Zhang is supported by the Project Funded by China Postdoc-
toral Science Foundation (No. 2018M630768) and the NSF of Shandong Province (No.
ZR2016AQ03).
The work of S. X. Wang is supported by the outstanding top-notch talent cultiva-
tion project of Anhui Province (No. gxfx2017123) and the NSF of Anhui Provincial
(1808085MA14).
REFERENCES
[1] N. Aizawa, and H. Sato, q-deformation of the Virasoro algebra with central extension,
Phys. Lett. B., 256(1991), 185-190.
[2] B. Bakalov, V. Kac, A. Voronov, Cohomology of conformal algebras, Comm. Math.
Phys., 200 (1999), 561-598.
[3] S. Cheng, V. Kac, Conformal modules, Asian J. Math., 1(1) (1997), 181-193.
[4] S. Cheng, V. Kac, M. Wakimoto, Extensions of conformal modules, in Topological
Field Theory, Primitive Forms and Related Topics, Progress in Mathematics, Vol.
160 (Birkhauser, Boston, 1998), pp. 33-57.
[5] A. D’Andrea, V. Kac, Structure theory of finite conformal algebras, Selecta Math.
(N.S.) 4 (1998), 377-418.
[6] G. Graziani, A. Makhlouf, C. Menini and F. Panaite, BiHom-associative algebras,
BiHom-Lie algebras and BiHom-bialgebras, Symmetry Integrability and Geometry:
Methods and Applications, 11(2015), 1-34.
[7] J. T. Hartwig, D. Larsson and S. D. Silvestrov, Deformations of Lie algebras using
σ-derivations, J. Algebra, 295(2016), 314-361.
[8] N. Hu, q-Witt algebras, q-Lie algebras, q-holomorph structure and representations,
Algebr. Colloq, 6(1999), 51-70.
[9] V. G. Kac, Vertex Algebras for Beginners, Univ. Lect. Ser. vol. 10 (Amer. Math. Soc.,
Providence, RI, 1996), second edition 1998.
20
[10] J. I. Liberati, On conformal bialgebras, J. Algebra, 319 (2008), 2295-2318.
[11] L. Yuan, Hom Gel’fand-Dorfman bialgebras and Hom-Lie conformal algebras, J.
Math. Phys., 55 (2014), 043507 .
[12] J. Zhao, L. Yuan and L. Chen, Deformations and generalized derivations of Hom-Lie
conformal algebras, Science China Mathematics, 61 (2018), 797-812.
21
